We present a calculation of the diffusion coefficient from a Hamiltonian for coupled coherent and incoherent transport with site-diagonal and off-diagonal stochastic fluctuations, which is not restricted to the usual white noise expression for the correlation between the fluctuating variables. Our result is applicable to any specific correlation and allows for long correlation times. We give examples for both monotonically decreasing and oscillating correlations. In the case of an exponential decay of the correlations the diffusion coefficient can be expressed by complete elliptic integrals.
I. INTRODUCTION
Transport properties in disordered systems are both of fundamental and practical interest. Organic materials such as discotic liquid crystals have become an important field of research.
1-4 Such systems exhibit often truly onedimensional transport characteristics. [5] [6] [7] Stochastic models have been employed to describe the diffusion of a particle in such a system with either static disorder 4, [8] [9] [10] [11] [12] or dynamic fluctuations. [13] [14] [15] [16] [17] [18] Haken and Strobl 19, 20 and, later, Reineker [21] [22] [23] have developed a model for coupled coherent and incoherent motion ͑HSR model͒. Their dynamic disorder approach assumes that the correlation of the fluctuations decays faster than any other time scale of the system. This is not always true. Hence, several attempts have been made to relax this assumption. [24] [25] [26] [27] These authors consider an exponential decay of the correlation of the lattice vibrations with a finite correlation time c . In particular, Kitahara and Haus 24 perform an expansion in orders of c and obtain a correction to the diffusion coefficient of the HSR model, which is proportional to c and negative. The physical interpretation of this result was as follows: The memory of the system draws the particle backward rather than forward and decreases the diffusion coefficient. It was an open question, however, how general this result may be and how large c may get in this non-Markovian model.
In this article we present a calculation of the diffusion coefficient that is not restricted to small values of c . Our main object is to investigate the dependence of the diffusion coefficient on the correlation time c . Furthermore, our result may be applied to any specific correlation function, in particular also to any damped oscillation that may arise from internal dephasing. 27 The paper is organized as follows: In Sec. II we introduce the theoretical framework and present the result of our calculation of the diffusion coefficient. The tedious algebra is shifted to the Appendix. Section III deals with some examples of correlation functions and the first part of the diffusion coefficient ͑incoherent part͒, whereas its second part ͑coherent part͒ is discussed in Sec. IV. In the following section we show the diffusion coefficient as a function of the correlation time for some simple systems. In Sec. VI we conclude and summarize.
II. CALCULATION OF THE DIFFUSION COEFFICIENT
Our starting point is the following model Hamiltonian for coupled coherent and incoherent charge carrier transport: 20, 21, 24, 25, 28 H͑t ͒ϭJ ͚ n ͉͑n͗͘nϩ1͉ϩ͉n͗͘nϪ1͉͒ ϩ ͚ nm ␦J nm ͑ t ͉͒n͗͘m͉.
͑1͒
J is the coupling constant and ͉n͘ represents a particle at lattice site n. The coupling is restricted to nearest neighbor interaction, so that ␦J nm ϭ0 unless nϭmϮ1 or nϭm. In addition to the coherent charge carrier motion, the influence of lattice and other vibrations is taken into account in a stochastic manner by assuming the site energies ␦J nn (t) and the hopping matrix elements Jϩ␦J nm (t) (nϭmϮ1) to fluctuate in time. The mean value of the fluctuating part ␦J nm (t) is assumed to be zero and its second order correlation functions are assumed to be
with ␥ 0 (t), ␥ 1 (t) and ␥ 1 (t) decaying functions with characteristic correlation times i . ͓Sometimes we shall drop the index of ␥(t) and denote the correlation time by c . In these cases the distinction is irrelevant or obvious.͔ The brackets ͗¯͘ represent the thermal average over all molecular vibrations. The quantity ␥ 0 (t) is a measure for the amplitude of the fluctuations in site energy ͑diagonal fluctuations͒, whereas ␥ 1 (t) and ␥ 1 (t) correspond to stochastic variations of the transfer matrix element ͑off-diagonal fluctuations͒. The functions ␥ 1 (t) and ␥ 1 (t) describe the forward and backward correlation, i.e., they correlate the probability of a transition in the same and opposite direction, respectively.
They are identical when the fluctuations ␦J nm (t) are real.
Although this seems to be no essential restriction, we shall keep the distinction between them throughout the calculations for generality. They can easily be taken identical in the final result. We decompose the Hamiltonian into a time independent part H 0 ϭJ ͚ n (͉n͘ ͗nϩ1͉ϩ͉n͗͘nϪ1͉) and the remaining part ␦H 1 (t), which is assumed to be small, either with regard to the first part or compared to c Ϫ1 ͑for notational convenience we put the Planck constant បϭ1 throughout the article͒. For H 0 ӷ␦H 1 (t) second order perturbation theory may be used to derive the following equation for the density matrix,
where A x . . . ϵ͓A, . . . ͔ denotes the commutator of A with all that follows.
On the other hand, a cumulant expansion 29,30 may be employed even for H 0 ϭ0. In second order this leads to a similar result which differs by a factor of exp(ϪiH 0 x tЈ) ϫexp T ͓Ϫ͚ nϭ2 ϱ ( n (t)Ϫ n (tЈ))͔exp(iH 0 x tЈ) in the integral of Eq. ͑3͒, i.e., only by higher orders and higher powers of the cumulants denoted by n ͑the caret on the n refers to the interaction picture, the subscript T to the usual time ordered exponential͒. 31, 32 Limitations of the approximation implied in Eq. ͑3͒ may be summarized by
as in Refs. 27 and 33 for all correlations. A discussion of this limitation may be found in Refs. 25 and 33. 34 From Eq. ͑3͒ we calculate the diffusion coefficient
where nm denotes the matrix elements of the density matrix in site representation ͑D is measured in units of the lattice distance͒. Our procedure is the following: We perform a Laplace transform with respect to the time t and a Fourier transform with respect to the center position (nϩm)/2, using the initial condition
͑6͒
and keeping the relative position variable hªnϪm. This means
where nm (z) is the Laplace transform of nm (t). Defining
we arrive at
where M is a real symmetric matrix. For an infinite system all coefficients and matrix elements on the right hand side can be expressed in terms of integrals of the correlation functions multiplied by Bessel functions:
and a nm ªc n,mϩ2 ϩc nm
͑17͒
J n and J m are Bessel functions of order n and m, respectively. They stem from the evolution operator for the first part of the Hamiltonian,
The calculations that lead to this result are given in the Appendix and the formula for U n (t) can easily be shown by series expansion of both sides of Eq. ͑18͒. The matrix elements m i j may also be expressed in a recursive way,
m 11 ϭϪ͑b 00 ϩa 00 ϩ2ā 00 ϩã 11 ͒. ͑20͒
The coefficients b i j are merely a short notation which we have introduced for convenience and symmetry reasons. Representation of the coefficients c i j in terms of a i j , however, becomes important when considering a slowly decaying correlation function. This becomes evident when we compare the integrals of Eq. ͑13͒ and Eq. ͑16͒ for a constant correlation function: For ␥(t)ϭconst the first one diverges logarithmically if nϩm is even, whereas the latter remains finite. We shall discuss this limit in more detail in the next section.
The first part of the diffusion coefficient, 2(c 00 Ϫc 11 ), depends only on nonlocal fluctuations and is made up of two simple integrals. It is referred to as incoherent part
Ϫ1 d describes the band motion that is hindered by local as well as nonlocal fluctuations. It vanishes as the coherent interaction matrix element J→0 ͓d→0 as evident from Eqs. ͑12͒, ͑15͒ and ͑16͔͒ and is usually called the coherent part. In general, its evaluation requires some truncation of the infinite matrix M.
III. CORRELATION FUNCTIONS AND INCOHERENT PART OF THE DIFFUSION COEFFICIENT
Usually the correlation of the fluctuations is assumed to decay monotonically. In the case of dephasing, however, the correlation function is an oscillating decaying function that might be rather complex, depending on which microscopic model is employed. 27 Our treatment is general enough to cover any correlation and we shall show examples for both cases.
The prototype for a monotonically decreasing correlation used in most of the literature mentioned above 24, 25, 27, 28 is an exponential decay,
where ␥ ͑without argument͒ is defined by
for all correlations. For ␥ E (t) all the coefficients c i j may be expressed in terms of complete elliptic integrals of the first and second kind. In particular,
with K(z) and E(z) the complete elliptic integrals of the first and second kind, respectively. 35 Details are given in the Appendix.
For comparison we consider two more monotonic functions. The Lorentzian
is an example for an algebraic decay, whereas
with the Heaviside function describes a constant function with cutoff. To investigate the influence of an oscillating correlation, we choose
as a concrete example. For all these functions there are two limiting cases: First, for c →0 we recover the HSR model
͑29͒
On the other end, c →ϱ leads to ␥(t)ϭ␥(0), which may be nonzero depending on the c -dependence of ␥. The meaning of this limit requires some comment: If ␥(t) really were constant for infinite time with a nonvanishing amplitude ␥(0), we would become inconsistent in our model assumptions. For such a constant correlation the temporal average of the ''fluctuating'' part ␦J nm of the Hamiltonian, which, in fact, does not fluctuate any more, will not be zero. But ͗␦J nm (t)͘ϭ0 was assumed when deriving Eq. ͑3͒. Hence, we do not get the result for truly static disorder within this model. But c →ϱ can be regarded in the sense that it gives an asymptotic value for slow fluctuations. Thus we shall use this limit when analyzing the result for large c , keeping in mind that an infinite c is beyond this model. In Fig. 1 we show the leading coefficient c 00 as a function of J c for the correlations defined in Eqs. ͑21͒ and ͑25͒ to ͑27͒. A striking difference between the different correlations is the resonance of the oscillating correlation ͑Bessel function of zeroth order͒. Our example shows clearly that c 00 and hence also the diffusion coefficient might well increase for small, increasing c , depending on the correlation. For J c ϭ0, c 00 ϭ␥ for all correlations. The behavior for large J c is the same in all cases as well,
which means c 00 ϳ ͓ln(J c )͔/J c for fixed ␥. The curve for c 00 C approaches the asymptote of c 00 E and c 00 B in a few more slight oscillations ͑beyond the range of Fig. 1͒ , whereas c 00 L (J c →ϱ) remains below the other curves. This is due to the fact
In the following we shall restrict ourselves to ␥ E (t) as an example for a monotonic decay and ␥ B (t) as an example for an oscillating decay. Figure 2 shows the incoherent part of the diffusion coefficient as a function of J c for these two cases, where we have chosen ␥ 1 (t)ϭ␥ 1 (t). It contains also a plot of the normalized coefficient a 00 , which is asymptotically equal with D inc /␥ 1 . This follows quite generally for any differentiable correlation function ␥ 1 (t)ϭ␥ 1 (t) from the properties of the Bessel functions:
The correction ⌬ is bounded for any reasonable ␥(t). For an exponential decay ⌬ E ϭc 10 E and for our oscillating decay
is similar to the diffusion coefficient given in Refs. 27 and 33, which is 2(c 00 E ϩc 11 E ) in our notation.
In comparison, D inc for ␥ B (t) is significantly larger around the resonance at J c ϭ1/4, but becomes smaller for J c у0. 4 . If the amplitude of the fluctuations is kept constant, D inc approaches the asymptotic value 2 ␥ 1 (0)/J in both cases ͑see below, Fig. 5͒ .
IV. TRUNCATION OF THE COHERENT PART OF THE DIFFUSION COEFFICIENT
The coherent part of the diffusion coefficient can be expressed by the coefficients a i j , the first few of which are shown in Fig. 3͑a͒ for ␥ E (t) and Fig. 3͑b͒ for ␥ B (t), both as a function of J c ͑for a 00 see Fig. 2͒ . In general, the coefficients are smaller the higher their indices and the larger the difference between both indices. For ␥ B (t) sharp resonances occur if the sum of both indices is even. The resonances are stronger the higher the indices and the higher the difference between both indices. The vector d depends only on ␥ 1 (t) and only on coefficients a i j with odd (iϩ j), whereas the matrix elements m kl depend on all three ␥ i (t), but only on coefficients with (iϩ j) even.
The physical meaning of a truncation of M can be seen from Eqs. ͑8͒, ͑9͒ and ͑10͒. By definition y n involves the 
To further justify such a truncation, we investigate the limits for small and large J c in more detail. For small J c , the lowest order in J c of the coefficients a i j and b i j is given by the sum of their indices i ϩ j(i, jу0). Thus it can be shown that for all k with 0рk р2nϪ3
where (k) denotes the highest order of J c included in y n . If we keep all coefficients up to and including order (J c ) 2kϪ1 , we have to solve a matrix of size NϭkϪ1 (kу2). Thus an expansion in J c leads to a similar truncation: the difference is only that some higher coefficients of the matrix elements m i j would be omitted in the case of an expansion.
For large J c the coherent part of the diffusion coefficient is given by 
͑36͒
For Nϭ1,
Ϫ1 ) 11 /(M (1) Ϫ1 ) 11 ϭ69/64, and for Nϭ3 the additional correction in this limit is only 0.2%. In Fig. 4 we compare the different truncations graphically. Those truncations where we have omitted all coefficients with iϩ jϾn are denoted by a small n. Capital N refers to the size of M (N) that has been used without any further mutilation. Nϭ1 corresponds to nϭ3. For nϭ0 the diffusion coefficient reduces to the terms of the HSR model
a 00 ϩ2ā 00 ϩã 00 , ͑38͒
but, e.g., c 00 (J c ) is still a function of J c and not merely ␥ 1 . ͑Of course, the HSR model may be obtained by J c →0 from any truncation.͒ For ␥ E (t) ͓Fig. 4͑a͔͒ we show also an expansion for small J c , which was derived up to first order in Ref. 24 . Here it is an expansion up to and including (J c ) 5 , the formula for which is given in the Appendix ͓Eq. ͑A38͔͒. For the particular value J/␥ϭ3 ͑all ␥ i are chosen equal͒ this expansion is a useful approximation up to J c Ϸ0.2 ͑for higher J/␥ it would work a little bit further͒. We want to remark, however, that in general the expansion in c should be considered with care since we have shown 33 that the magnitude and the sign of the higher order terms depend on the assumptions made by deriving Eq. ͑3͒.
In the case of ␥ E (t) ͓Fig. 4͑a͔͒ the plots for Nϭ1 and Nϭ2 are nearly identical. A notable difference would occur only for large J c beyond the range of the plot. For ␥ B (t) ͓Fig. 4͑b͔͒ the lines for Nϭ1 and Nϭ2 coincide up to the resonance at J c ϭ0. 25 . Beyond that point the transition to the asymptotic regime is smoother for Nϭ2 than for Nϭ1. For J c ϭ2 the difference between Nϭ1 and Nϭ2 is about 10%, asymptotically it would be about 8% ͑see above͒. We have used Nϭ2 for all results presented in the next section.
V. SOME ILLUSTRATIVE RESULTS
We present the normalized diffusion coefficient as a function of J c for two special choices: first, we assume all the correlation functions ␥ i (t) to be equal ͑Fig. 5͒. Second, we assume ␥ 1 (t)ϭ␥ 1 (t). For ␥ 0 (t) we take an extreme choice with ␥ 0 (t)ϭ␥ 0 (0), i.e., the disorder in site energies is assumed to fluctuate so slowly that ␥ 0 (t) can be taken constant in the integrals of Eqs. ͑13͒ and ͑16͒ ͑Fig. 6͒. These two simplified systems serve for illustration. Naturally, there might be systems with a more complex combination or different correlations, to which Eq. ͑10͒ could be applied as well. Figure 5 shows the diffusion coefficient for various values of J 2 /␥(0). We take J 2 /␥(0) as a fixed parameter here, rather than the ratio J/␥ which was kept constant in Fig. 4 . Both ratios are dimensionless measures for the degree of coherence. Physically, however, the first, related to the amplitude of the fluctuations, is more accessible than the second, related to the integral of the correlation function. Moreover, J/␥ normally depends on the correlation time c . A particular microscopic model for triphenylene based discotic liquid crystals results in ␥ proportional to c , but gives a constant value J 2 /␥(0)Ϸ5 for electron diffusion in this system. 27 Obviously, it is not possible to take the limit c →0 with a finite ␥(0) 0, which would imply ␥→0. For such a system with pure coherent ͑band͒transport there is no dispersive diffusion. That is why the values of D/J would be infinite at J c ϭ0 in Fig. 5 .
The broken lines in Fig. 5 correspond to values J 2 /␥(0)р1. These curves have to be interpreted with care. They are meaningful for small J c , as J 2 /␥(0) should be significantly larger than J 2 c 2 /(1ϩ4J 2 c 2 ) according to Eq. ͑4͒. In general the plots fulfill the approximation inherent in the perturbation theory as long as they are decreasing. The dotted line is the incoherent part of the diffusion coefficient for J 2 /␥(0)ϭ1. It differs only by the scaling factor J 2 /␥(0) for the various values of J 2 /␥(0). In Fig. 5͑c͒ we compare some curves of Fig. 5͑a͒ with the results of a local approximation of Eq. ͑3͒, which we have performed for exponential decaying correlations in Ref. 33 . Both the convolution-type equation used in this work and the local variant of Ref. 33 are equivalent second order equations restricted by Eq. ͑4͒, but they differ by higher orders and higher powers of the cumulants of the perturbation ␦H 1 (t). Thus the curves do not fall together: The upper curve of each pair shows the local approximation, whereas the lower one is identical with the corresponding curve of Fig. 5͑a͒ . In the region where the criterion of Eq. ͑4͒ is fulfilled best, i.e., for large J 2 /␥(0) and/or small J c , however, there is agreement between both methods.
In Fig. 6 we have to distinguish between ␥ 0 (0) and ␥ 1 (0), the ratio of which is denoted by
For ␥ 1 (t) we have our usual choice ␥ E (t) ͓Fig. 6͑a͔͒ and ␥ B (t) ͓Fig. 6͑b͔͒, respectively, whereas ␥ 0 (t)ϭ␥ 0 (0). The higher this disorder in site energy, the lower the coherent part of the diffusion coefficient. Unlike Fig. 5 , the diffusion coefficient remains finite for 1 →0 due to the disorder in site energy. 
ͮ .
͑41͒
As mentioned before, these results should not be considered as description of truly static disorder ͑where localization effects would be expected͒, but rather as a description of systems with slow fluctuations that are still compatible with the approximations made.
VI. CONCLUDING REMARKS
The comparison between a damped oscillating and an exponential correlation clearly reveals the relevance of the correlation: for small J c the correction of the diffusion coefficient due to a finite correlation time depends critically on the type of correlation. On the other hand, the form of the correlation function becomes unimportant for large J c . The asymptotics depend only on ␥ i (0). This can be interpreted easily: large coupling J and large c mean fast transport and slow fluctuations, respectively. Both imply that the particle is passing so quickly from one site to the other that it ''feels'' only the initial amplitude of the fluctuations.
Like the original HSR version, the model includes both a coherent and incoherent term in the diffusion coefficient. For small J c it depends on J/␥, whether the incoherent or the coherent motion is more important. In the case of ␥ i ϭ␥ both terms are equal if J/␥ϭ2&ϩO(J c ). For large J c the value of J 2 /␥(0) determines which kind of motion is more important, however, the result would be unphysical, if the incoherent part were dominant in this case, as the perturbation theory requires that J 2 /␥(0)ӷ1 ͓see Eq. ͑4͔͒. In other words, the approximation of Eq. ͑3͒ allows slow fluctuations with nonvanishing amplitude only if the coherent part is larger than the incoherent one. It does not work when the coupling constant is very small compared with the amplitude of slowly decaying fluctuations. For zero coupling, however, only the incoherent part in the HSR limit remains, which is in accordance with the approximation of Eq. ͑3͒ for ␥ c Ӷ1.
In summary, we have accomplished a calculation of the diffusion coefficient from the model Hamiltonian for coupled coherent and incoherent transport within a second order cumulant expansion, that is not restricted to a specific type of the correlation of the fluctuations and is valid for a wide range of correlation times. Nevertheless, our result has a simple structure. For the prototype of an exponential correlation it can be reduced to analytic expressions in the parameters of the Hamiltonian ͑complete elliptic integrals͒. Thus it should also be fruitful for studying the dependence of these parameters on temperature and other easily accessible quantities and their effects on diffusion and mobility of the system. For an arbitrary correlation the diffusion coefficient can be evaluated with small numerical effort. As a further perspective we see the possibility to apply the same procedure to finite systems with appropriate boundary conditions, which should merely change the Bessel functions in the integrals of Eqs. ͑13͒ to ͑17͒. ACKNOWLEDGMENTS W.P. thanks Professor U. M. Titulaer for inspiring discussions. The work has been supported partially by the National Science Foundation.
APPENDIX
Inserting the terms of Eq. ͑1͒ into Eq. ͑3͒ and using Eq. ͑2͒ we obtain the following equation for the matrix elements of the density matrix:
͑A1͒
The functions U n (t) are defined in Eq. ͑18͒. The Laplace transform of Eq. ͑A1͒ reads
͑A2͒
where we have used the following abbreviations for the Laplace transforms of the products of the functions U n (t) ͑Bessel functions͒ with the correlation functions ␥ i (t):
where the ⌽'s are functions of K and z ͓see Eq. ͑8͔͒, the L's of z only. Furthermore, Eq. ͑6͒ has been used. Next we define f n ª⌽ n Ϫ⌽ Ϫn and g n ª⌽ n ϩ⌽ Ϫn ; f 1 ϵ f . ͑A5͒
To obtain the diffusion coefficient, we have to evaluate g n and the first derivatives of f n with respect to K, both at the argument Kϭ0.
we obtain
where the prime at the sum means
This set of equation which couples only even ͑odd͒ numbered functions g 2k (g 2kϩ1 ) is satisfied by
͑A9͒
This result simply means particle conservation and is not surprising: As g n concerns symmetric interactions we did not expect it to be relevant for transport properties. From 
Inserting Eq. ͑A9͒ this simplifies to
for positive, odd h. The set of ͕ f n Ј͖ with odd n does not couple to those with even n. In particular, and writing Eq. ͑A19͒ in matrix notation, we arrive at the result given in Eqs. ͑10͒ to ͑17͒. The integrands in Eqs. ͑13͒ to ͑17͒ can be expanded by means of 35, 36 â 02 ϭ
